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II. ADSTRACT 

L.S. Shapley   [Shapley,  1953]   showed that th.-^re is a unique value 
defined on the class    D   of all superadditive cooperative games in charac- 
teristic function form  (over a finite player - set    N)    which satisfies 
certain intuitively plausible axioms.    Moreover,  he raised the question 
whether an axiomatic foundation could be obtained for a value   (not necessar- 
ily the Shapley value)   in the context of the subclass    C     (respectively 
C , C )    of simple   (respectively simple monotonic ,  simple superadditive) 
games alone.    This paper shows that it is possible to do this. 

/     : 
Theorem I gives a new simple proof of Shapley*s theorem for the class 

G   of all games  (not necessarily superadditive)  over    N.    The proof contains 
a procedure for showing that the axioms also uniquely specify the  Shapley 
value'when they are restricted to certain subclasses of G, e.g.,   C.    In 
addition it provides insight into Shapley's theorem for    D    itself. 

Restricted to    C*    or    C ,    Shapley's axioms do not    specify a unique 
value.    However it is shown in theorem II that with a reasonable variant 
of one of his axioms a unique value is obtained and,  fortunately,  it is 
just the Shapley value again. 

DD FORM 
I   JAII  «4 *'*' ** MATIONAV TFCHNICW 

INFORMATION SERV'^E 
U S Departnenl o( Commerce 

Springfield VA  22151 

UNCLASSIFIED 
Security Classificolion 



'S 
^ 

imCJUftfiSJEUifi  
Sie urilv Llus'.iiiciilion II 

14 
KtV WORDi 

Shapley value 
Superadditivo cooperative games in characteris- 

tic function form 
Monotojiic simple games 
Minimal winning coalition 

INSTl. 

1.   ORIGINATINÜ ACTIVITY:   limt-i llie nnme und orfdipss 
of tho coiilrnrior, r.n'.jc pn'.riirlor, granlfp,  Ur|inrtment of Üo- 
fci)!;c activity or oilier orennization fcorpor/ilo author) insutng 
the irparl. 

2o.   KEPOKT SKCMfWTV CLASStPICATlON:   Enter the ovt-i- 
iill KCrtirity fl.'iür.ifitiilion of the report.    Inrik-nte whclJiBl 
"Kcstrirt« it Unto" is incltulcrt   Marking ir, to bo in uccord- 
nnrc- with cpproprinte Becurity reKulmionn. 

2b.   GROUP:    Auloinnlic <luwnp,rntliii[», IR Rpcclfied in DoD Di- 
rective S200.10 oml Armed Korccr, Induntrinl Manual.  Kilter 
the c.ffup """'''er.   Also, wlxtn applicable, sliow th.-.l uptijn.il 
markings lisvc htvn ur.cd tor Group 3 mid Group 4 as author- 
iicd. 

3. RKPORT TITI K;   Fn'er the reirploto report title in nil 
capital IclUr:;.    TiÜL'i i^ R!I c.-.r.c:-. Bhoulri ho \:..c '3r.:-.;fic<:. 
If a ineaninciul title cannot he celrcted without classifica- 
tion, i how title cliiv,.ifici)lion in all capitals in paitnUifSis 
inimcdiPlcly following (lie title. 

4. DESCRIPTIVE NOTES;   If appropriate, infer the type of 
report, c.ß., Intctim, ptocrcs», cumtnnry, annual, or fin.il. 
Give the inclusive dates when n specific reportinp, period i& 
covered. 

5. AUTIIOR(S):    Enter the nnine(s) of author<s) os F.hown on 
or in the report.   Kniet last name, first name, middle initial. 
If military, show rani' en-i brnnch of service.   The name of 
the principal »athof is pn absolute rninimurn requirement. 

0.   REPORT DATE;   Enter the dnte of the report as day, 
month, year; or month, year.   If more than one date appears 
on the repo'.t, use date ol publication. 

la.   TOTAL KUMUliR OP PAGES:   The total \.uEe count 
should follow normal piip.in.ition procedures, i.e., enter the 
mil Sir of pngi-B contaiiniii! information. 

76.    NUMMER OP REKKRBNCES    Enter the total number of 
icfeiMi     s cited in th"' report. 

8a.   CONTUACT OK GKANT NUMHER:   If appropriate, enter 
the BppIienbl«• nutnher of the contract or ßrant under v/hich 
the report was written. 

8b, Cc, k 8i/. PROJECT NUMBER: Knlcr the oppropriafc 
inilitnry department identification, such rs project number, 
subproject number, system numbers, task number, etc. 

9a.   ORIGINATOR'.; KEPORT NUMREK(R):   Enter the offi- 
cial report number by winch the document will be identified 
and controlled by the ori(.;inaling activity.    Thic number must 
be unique to this report. 
96. OT1IKU RKPOKT Nl'Vni;R(S): If the report has been 
asslcnoil any other report nutubem (cilhrr by the oiifiinotor 
or by tlio xpuntor), .ilso inter tins nuniborts). 

10.    AVAII.AniUTY/UMITATION NOTICES:    Enter any lim- 
itations on further disaeimnalion of the report, other than those 

WCTIONS 

impor.cd by security clussification, using standard statementi 
such a::: 

(1) "Qualified requesters may obtain copies of this 
report from UDC" 

(2) "Eorelp.n announcement and dissemination of this 
report by DDC I" not authorized." 

(3) "U. S. Government aucnrier. may obtain copies of 
this report directly from DDC.   Othci qualified DDC 
users shall request through 

(4)    "U. S.  military agencies may obtain copies of this 
report directly from DDC   Other qualified ur.ers 
shall request through 

(S)    "All distribution of 1'iis report is controlled.   Qual- 
ified DDC users shall request through 

it 
, , ||     | I III I I        * 

If the report has been furnished »c the Office of Technical 
Services, Department of Commerce, for tale to the public, Indi- 
cate this fact and enter the price, if known. 

IL SUPPLEMENTARY NOTES: Use for additional explana- 
tory notes. 

12. SPONSORING MILITARY ACTIVITY: Enter the nnme of 
the departmental project office or laboiatory sponsüring rpa)"- 
Inß lor) Ihr research and development.   Include address. 

13. ADSTrACT:   Enter an abstract p.ivinc a brief and factual 
summary of the document indicative of the report, even thoup.h 
it may also appear elsewhere in the body of the technical re- 
port.   If additional space is required, a continuation sheet shall 
be attached. 

It is hip.hly desirable that the abstract of classified reports 
bo unclassified.   Each paragraph of the ;!iMrnct shall end with 
an indication of the militaiy security classification of the in- 
formation in the paragraph, represented as (TS). (S). (C). or (U). 

There ir, no limitation en the lenp.th of the abstract.   How- 
ever, the siip.p,ested lenp.th is from 150 to 225 wonls. 

14. KEY WORDS:   Key words ore technically meaninp.ftil terms 
or short phrases that clinrncterize u report and may be used as 
index entries for catnloL'.inp, tho report.    Key words muiit be 
selected so that no security classification is required.    Identi- 
fiers, such as equipment model desii^jntion, trade name, military 
project code name, peop.riiphic location, may be used as key 
words but will be followed by an jnclication of technical con- 
text.   The assignment of links, rules, and weights is optional 

cro eoe-stM 
UNCLASSIFIED 

Security Classiricnticm 

^ ^äm 



T— 

//' 

TECKiJICU i^POPT 

OJ THE UHIOUEÜESS OF THE SHAPLEY V vLUE* 

by 

Pradeep Dubey 

CXJ^iiELL UNIVSP-SITY 
ITHACA.,  W.Y.    14850 

June, 1974 

•This research was supported in part by the Office of Naval Research 
under contract   WÜ0014-67-A-0077-0014, task ir. 047-094 and by the National 
Science Foundation under grant    GP-32314 X in the Department of Operations 
Research in Cornell University. 

Reproduction in whole or in part is permitted for any purpose of the 
United States Government. 

I 



T—•■ 
^ 

Notation 

For a set S </e denote by |s| tie nuu'jer of elenents that S contains 

and frequently «rrite it as s; similarly t a-bbreviates |T| for a sat v, etc. 

2° uenotes tiie class of ill subsets of tie set S. 0 stanils for the empty 

set. R, as usual, represents the real line and .z*  the set of positive inte- 

gers. I'or a vector v in r", v. is the i ' conponent of v. The symbol 

i is used both as a number and as the name of a player in il,    but its meaning 

will be clear from the context. 

.^L- 
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1.    INTroJOCTIo:'.    .'.n n-person cooperative gane In charflctartatic funotilaa 

fom is a pair    (^,v)    wltere    W ■  (1,2,..,.,11)    is a set of    n '-IbyerG;   and 

v    is a function 

v:    2    -»• P. 

with tlie property    v(0)  - 0.    Intuitively   v(S)    represents tj.-.e "vorth' (''value", 

■•jjov/er")    of the coalition    S    of players, i.e., the least payoff that   S    can 

cjuarantee itself no matter what the other players   (tl-.at are not in   S)    do. 

Given a game    v    it is desirable to have a neasure of the apriori "value'' of 

eacu player in    v. 

Denote the class of all cja aes on    M   by   G. 

Let    ^    be a function 

(J):     G ■»■ P. 

i 

I 
I 
I 
I 
I 

til 
which we interpret as follows: <|>. (v) is the value of the i   player in 

the gane v. 

Shapley proposes three axioihs' which the function    $    ought to satisfy. 

In order to state ther it is necessary to first define a few concepts.    All 

garaes in the definitions below are assuned to be in   G. 

1. S    is called a carrier for    v    if 

v(T) - v<T.<i6) for all   Tew. 

2. If   n:    N •♦• 1:    is a permutation of   i1!, then the gane    irv    is defined by 

: ffv(T) - v(ii(T))    for all    T«"N. 

3. Given any two games    v.    and    v0,    tlie game   v   + v0    is defined by 

(V1 + *2* (T)  " V1(T) + ^2^    f0r a11    TCN' 

I best av«i'«b™—^£1- 

■     1 1 »I* 
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Shapiey's axioms a"5 

SI.    If    S    is any carrier for    v,    then     I   $.   (v)  - v(S). 
IPS 

For any permutation n and ieil, 

S3. If v  ani v  are any games, then 

<MV1 + v2) - «MVj^ + <t'(v2). 

Shapley prove! the foil wing 

Thet>rem I. There is a unique function ijs defined on G, vhich 

satisfies 4die axioms Si, 32, S3. 

P?:oof. For each coalition S define the game v    by 
——— S»c 

VS,C(T) 

0  if SJtT 

C  if S<- T. 

Ther it is clear that S and its supersets are all carriers for v 

Therefore, by Si, 

S»c 

1 
I 

1    *<   (v    J  " c'    and 
ies   1      S'c 

I        » ♦< <ve ^) " c   v.henever    j^S 
icsu{j)   i   S.c .   . 

This implies that   «Mv      ) - 0   whenever   j ^S.    Also if   w    is a permutation 
J s,c 

of H v/hich interchanges i and j (for any ies and jes  and leaves 

the other players fixed, then it is clear that iw  - v,,   and thus, by 
s,c   s,c 

S2, 

I 
I 
I 

I 

^'"s.c' " *l<ys,c* '<,r *"' its   ana i's' 
ThereEore Hv     ) is unique, if •]> exists, end is given by 

S f c 

Ws.J 
c/lSl if ies 

0 if i/8 

-e. ' ■ ~^ 
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i*)'/ the games {v \fi /  s cw, CCR} form an additive basis for the vector s ^ c 

space G, and a proof of the theorem coulu be obtained by showing this 

[Shapley, 1953]. However, for our purposes, it is useful to consider the 

games  {vr  \i,p Seil, ceP.) defined by 

, c if T ■ S 
V   IT)   » 
S,cl '     0 if T j S. 

Any game v can be written as a finite sun of games of the type v  . 

Hence the uniqueness of $ follows, using S3, if we can show that each 

<J)(v  ) is unique. 
i 

Assume that $(v  ) is unique for |s| ■ k + 1,... ,n.  (This is obviously 
• i        • ' true for     S   ■ n   because   v „    - v,    .)     'e will then show tliat   ^(v_ J 

U tc      il,c S,c 

is unique for |s| = k. 

Let S.(...,S. be all of the proper supersets of S. Wote that \s.\  > k 

for i • !,...,£, tlius ^(v_ _) is unique by the inductive assumption. 
04  ' C 

But    v_      ■ v_      + v_        ,       . S,C S,C S, ,C   •♦•••» +   V 
V 

J 
Therefore, by    S3,    t{vc )  - *(vc    ) + ♦(v.      ) + ...+ ♦(v     _)        (1) 

i i 
Since all the terms except   4(v„    ) are unicrue, so is    * (v0    ).    This concludes 

SfC s,c 

the proof that   $,    if it exists, is unique. 

Tlie proof of uniqueness has implicit in it, as was to be expected, a recipe 

for constructing   4).    Suppose 

Wc' (s-l)Mn-s)l 
nl .c if ies 

I 

- (-S-,itmini£U .c it   us. 
n-s    nl 

for s ■ |s| - k ■*■ l,...,nF This is obviously true for |s| ■ n since 

* ^ *-** i    i i 
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v,      ■ v.,    .    It follors, ».sing  (1)«  tliat 
. I»C 11 * c 

1    s»c ni 

-(-£-)• fciUfcili c    if   us n-s nl 

for    |s|   - k. 

It Is now straightfor/ard to obtain    <i(v)    for any    v. 

Sine«    v ■     I   v0     ._. 
Wsrr s'vls) 

♦ (v)  -      X      *(vs v,s))    ^    S3. 

Tlie right-aand-side, when simplified, gives 

♦ (v) r    (t-l)l(n-t)l   ,_,    /-rji» 

{ieTCN} ni 

f 
I 

Suapley's familiar formula. It is easy to verify that $, defined as above, 

satisfies the axions 81,82,53. This completes the proof of theorem:.!. 

2. UvlIQüBtffiSS FOR SUIiCLTtSSES  One can restrict Sl,S2,S3 to subclasses 

K of G. S2 is tiien required to hold only if irveK whenever veK, and S3 

only if v -t- v cK whenever v.eIC and v.eK. The question arises whether 

the axioms, so restricted, specify a unique * on IC That they specify at 

least one ♦ is clear by considering the restriction of the Shapley value on 

G to IC. By following the procedure given in the above proof we can establish 

tlie uniqueness of 4 for certain IC It needs to be emphasised that in each 

case the proof of the uniqueness of <> on K is given by a recursive construc- 

tion of <j> on K which parallels the construction in the proof of theorem I. 

(The case K ■ D requires a somewhat special treatment which Is outlined below). 

Therefore it is Mt necessary to turn to t on G and restrict its domain to 

K in order to prove the existence of ^ on X. 

-A.  i  I  fclfc ^■^ 
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The case i; ■ D. D is tlie subclass of G which consists of all supsradditive 

games in G# i.e., games v in G for v/hich v(SlJT) >, v(S) + v(T) v/henever 

sri' ■ 0. Thouqh Shapley's proof in [Snapley 1953) is also a proof of theorem I, 

it is essentially concerned with u, \'hich is perhaps "hy games of the type 

v    are not considered in it. (necall tiiat v   is not in D if S t  W). 
S / C S f c 

iio'vever    {v | ^j^sc i^cer1.}    does help one to construct Shapley's proof also. 
S f c 

•Je first shov; that    {v        |  Jf|<srN,cen>    forms a basis for    G.    Suppose that 
S f c 

v .  is in the linear span of {v . | T is a superset of S} '..'hen    « 
S,i T»l 

|s| ■ k+l,...n. This is trivially true for  |s| ■ n because, as we have 

remarked before, v.  - v  . Let ls*l ■ k. Since 
M,c        II,c       ' 

I 
I 

V;i-Vs;i"vsj,i "••• "^,1 (2) 

where S*,...,s* are all the proper supersets of S*, and since by the 

inductive assumption each v_. . is in tlie linear span of {v , | T is a 

superset of S.), it folly's tliat v^ , is in tlie linear span of {v_ . | T 
i S

W
,JI r,A 

i  . 

is a superset of S*}. From the fact that (v. . | 0^SCM} spans G, \m s,i 

now wee that    {v       | 0i< SCN}    also spans   G.    It is in fact a basis for   G 
s,i 

because it has the sane number of elements as    {v   .   | J8/SCM}   which is \;ell 
s,x 

knovm to be a basis. 

Express a v in D uniquely as: v ■ Ic v .. Some of the c  on the 

right hand side may be negative so that the equation may contain games that 

are not in D. This would prevent an application of S3 which is restricted 

to D. Jo overcome this, transpose terms with negative c  coefficients to 
s 

the left, alien it is easy to see that the new equation will only contain 

games that are in D. An application of S3 nont proves the uniqueness of 

* on D. To find c  explicitly, first express each v_ . in terns of s s,x 

the basis    (v. .   | JVSCN}    using  (2) and induction, and then substitute into s,x 

_*_ a.—j all 
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p     ' p      8-t 
v -  2.  vrr /"»  It can '-»e shown in tiis -ray that c ■  2. *-!)  v(T), 

^TOIT' U,• S  TCS 
•;hicii of course enables us to write out an explicit formula for (|»(v) as is 

done in [Saapley, 1953]. This is not simole, hcever, and it is easier to 

show the existence of $   on D by restricting the previously obtained $ on 

G to D. 

Others cases,    K. f D.      In the following examples(jhich are by no means exliaus-*% 

tive)  tiie proof of the uniqueness of    4»    on the given   K   is completely 

parallel to the proof of theorem I, and involves a similar recursive construction 

of «i>. 

h.    The subclass of all simple gamesf i.e., all games v for which v(S) "0 

or 1, for any ScN. 

a.    The subclass of all games v for which v(S) ■ 0 whenever |s| 4 k; as 

well as the subclass of all simple games with tnis restriction. 

C. The subclass of all games v in which certain players i.|...,i. are 

distinguished and v(S) - 0 if {i ,... ,i } ftS; as well as the subclass df.all 

simple games Win* this -restriction. 

Remarks. (I). The convex cone generated by the simple games with veto players 

(i.e., players i such that v(S) - 0 if its,  for all SCM) is the sab- 

class L of all games with non-empty cores [Spinneto, 1971]. Therefore case 

C shows that the axioms uniquely specifiy the Shapley value on L. In fact 

this is true for convex con«s generated by the class of games im any one of 

I*,    B, or C or their unions. 

(II). For any PcG* |P| < », we can determine in a finite number of steps 

whether or not the axioms uniquely specify the Shapley valie on P; and if 

they do not, we can construct different ♦'s on P which satisfy the axioms. 

Indeed, this corresponds to checking whether a certain system, of linear equa- 

tions has a unique solution or not. The sice of this system can be cut down 
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using a procedure which mimics the proof of theorem I.  ("e omit the details.) 

3. HOWOTONIC SItlPLE GAIJSS   Let C  be the subclass of all nonotonic simple 

garaes in G, i.e., simple games v for vhich v(S) ■ 1 implies that v(T) »1 

vhenever S CT. And let C  be the subclass of all superadditive single 

games in G. 

The axioms 31,82,53 do not uniquely specify the shapley value on C 

or C  if |N| > 2. First note that the games in C  or C  for vhich the 

value is determined by SI and S2 alone are precisely of the type v .. 

Pick a game v in C  (and thus also in C  since C cc ) uhich is not of 

the type v .. An example of one is: 

I 
\ 

T 

vdHU) - v(N-{j})- v(W) - 1, and 

v(S) • o for all other s Qj 

where i and j are any    distinct players in ll,    and "/here we assume that 

|tj| > 2. 

Set ♦.(v) ■ iMv) ■ p, vhere p is an arbitrary real number, and set 

Vv) - \u -1f,3)1  for **'*' 
Then it is obvious that   $(v)    satisfies    Si   and   S2.    It also satisfies   S3 

•        H ii "i 

vacuously.    For suppose   v + v   ■ v      for a v cC     and a   v eC .    Then 
i II n 

v(N)  + v  (N) ■ v (N).    But   v(N) - 1,    therefore   v (N) ■ l,    which implies 
iii i        II 

that    v  (U) ■ 0.    Thus   v   ■ 0    since    v      is monotonic.    .Mso,  if    v - v   ■ v 
II ■>   • " 

for a   v eC     and a   veC ,    then two cases arise:    (a)    v (U) ■ I, therefore 
• i ii II 

v (M)  - 0, and so v   ■ 0.     (b)    v (N)  ■ 0   which implies that    v    "0, and 
i        it 

hence    v   ■ v .    There is no question, therefore, of   S3   being violated for 
i ii 

any choice of   p,    and so   4»    is not uniquely specified on   C     or   C     by 

S1,S2,SJ. 

J 
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However, if we  replace S3 by a variant of it,    S3  ('.'hielt "ill be 

stated uelov), then a unique $ is sviecifiecl on C  or C  and it 1 just 

the Shapley value. 
n 

In what followc ve '-ill write out only the case for C , because the 

case for C  is obtained by replacing C  by C  throughout. 

first we make a few definitions. For vcC  and v eC  let vV v 

denote the gar.« fivon by 

,       1 if either v(S) - 1 or v (S) - 1 
(v v v ) (S) -  0 lf v(s) m  0 and v

, (s) m  0> 

■ it ii        i 

itote tnat v y v  may not always be in C  for a v in C  and a v  in 
IV II II 

C . (However v y v  is in C  whenever v is in C  and v  is in 
■ i 

C .). Let v A v  denote the game given by 

'   1 if    v(S) -.1    and    v'(S)  -.1 
(v Av )(S) - 

0   if    v(S) - 0   or    v (S) - 0. 

I II II | !• 

Let ua make a simple check to see that   v A v ec      whenever    vcC     and    v eC . 
i    n 

If   v  A v IC ,    then there are coalitions    S   and    T,    SflT - 0,    such that 

(v A v ) (S UT)  <  (v   A v ) (S)  +  (v A v ) (T).    But by the definition of   v A v 

this means that either   v(S UT) < v(S) + v(T)    or    v (S UT)  < v (S) + v (T), 

which is a contradiction.    (A similar argument shows that   C     is closed under 

A). 
i 

'Je  are now in a position to state S3 : 
■ i n n      i n 

S3 . If v v v ec  whenever ve C  and v eC  then 

I 
I 

»(v v v )  ■•• ♦ (v A v )  ■ <Mv) + ♦ (v ) . 

II I      • 
(In stating   S3     for   C     we may drop the    "if"Because     v y veC     always.) 

- ■ -^~ ^■1 
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Theorer II.    There is a unique function   <K    defined on    C ,    which 
i 

satisfies the axioms    Sl,S2,S3  .    lioreover, this    4    Is just the Shapley value. 

Proof.    Every    v    In    C     ha* a finite number of minimal winning coalitions 

S.,...,S,    i.e.    coalitions   s.    such that   v(T) ■ 1    if   S cT   for some 

1    and   v(T) - 0    if   S./- T   for all   1.    Clearly 

^^.l   Vvs2,iV    V   v, 
^c'1 

v;here the right hand side is defined assoclatively.    Let   n  (v)  ■ min {pcz f 

there exists a udnimal vrinning coalition   T   of    v   such that    |T| ■ p) and 
2 

let    n (v)  ■ the number of minimal winning coalitions    T   of    v   such that 

|T|  - n^v). 

nie proof of the uniqueness of v will be by Induction on n (v) and 

n2(v). 

For n (v) ■ n,v ■ v ., in which case <Mv) Is obviously unique. 

Lemma I. Suppose <♦> (v) has been shovm to be unique for all v such 

that n (v) - k+1, k-t-2,...,n. Then 9 (v) is unique when n (v) ■ k and 

n2(v) - 1. 

Proof.  Let S be the unique minimal winning coalition with k players. 

If S is the only minimal '..»inning coalition rf v, then v ■ v   and <Mv) 

is unique. Otlierwise let S.,,,.,8     denote all of the minimal winning «. m 

coalitions of   v   apart from   S. 
"5 

Mote;     IsJ  >   k   for    I < 1 <   m   since    n .(v) •: 1. Now 

«Va vV.x v.... v W v  yStl x £ m 
> V    vs ,  -v 

say,    v    v   vs i^ " v 

1    ' • It follows that   n (v )  > k.    Therefore   <Hv )    Is unique by the Inductive 

J 
^   ■ . J^ 
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1     ' 
assumption. Further, n (v .Av ) > k. This is obvious from the definition 

of A. Therefore v (vAv ) is also unique by the inductive assumption. Invoke 

■ 

aaiom S3 . Then 

<Mv) - (Mv v vs 1) - vCv ) + «Mvs j) - «XVg jAv ) 

Since all the three vectors on the right hand side are unique, so is <j> (v). 

liemna 11. Suppose <i» (v) has been »hem to be unique for all v such 

that eitlier 

n (v) - k + l,...,n (3) 

1 2 
or n (v) ■ k and n (v) « l,...,j (4) 

Then ♦ (v) is unique when n (v) - k and r. (v) - j + 1. 

Proof;  Let S.,...^. , be the minimal winning coalitions of v with 

k players each. And let T.,...,T  be all the other minimal winning coalitions 
1 m 

of v. By the condition« on n (v) and n (v) it is clear that JT | > k 

for 1 < i < m. itow 

«^,1 v *•• vvTm,i v\,i v •••'v Va) v vsj+1.i 

say,    v V   v_        ,  " v 

Sj-H'1 

ti n ■< 

clearly   v     satisfies    (4)    and     .v Av_       ..   satisfies    (3).    Therefore   4> (v ) 
Sj-fl'1 

and   ^(v Av )    are both unique by the inductive assumption. 
, j+l' 

By   S3 , 

♦ (v) - «Mv V ve       ,. 

• ♦ (v J  ♦ ♦ (v.       ,) - ♦ (v Ave       .) 
Sj+1'1 Vi 

^k 
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vhich proves the uniquenes« of ^(v). ' 

Putting together lemnas I and II v 3 get that 4» (v)  is unique for any 

12 " 
feasible nunbers n (v) and n (v), i.e., for all veC , which concludes 

the proof of the theorem. 
■ 

It is clear that the Shapley value ^ on G satisfies Sl,S2,S3  when 
ii iii 

it is restricted to C . Indeed v + v •(vVv)+(vAv) where we 

regard the + as taking place in the vector space G. Hence by S3 $(v) + 

•        i        i 

* (v ) -t(vVv) +4(vAv). Thus the Shapley value is the unique t on 
•I i 

C  which satisfies SlfS2fS3 . 

However, we need not depend on the ♦ already defined on G to establish 

II 

the existence of <j» on C . It is quite clear that implicit in the proof of 

uniqueness is a recursive construction of $. (We omit this because it Is 

straightforward.) 

Remarks; (III)  Theorem II holds when we replace C  (respectively C ) 

by certain subclasses of C  (respectively C ). The proofs are similar 

and Involve stopping the Induction at appropriate stages, and considering 

games that take on values In {oiO} Instead of (1,0). He give just two 
in . . 

exasqplest Subclasses of C  (or C ) for which (1) v(S) - 0 if |S| <k, 

(2) v(8) - 0 if {i1,...lk}fCS. 

(IV) Let F be the class of all monotonlc simple games which do not haVe 

"ties". I.e., giro v for which v(S) - 1 If and only if v(N\5) - 0. 

I (This class contains the class of all weighted majority games for which the 

quota Is greater than half the total weight.) By changing SI, but retaining 
i 

S2 and S3 , we can obtain an axloswtlo foundation for the Banchaf value 

In its unnormallsed form (Lucas, 1973) whan It Is restricted to F. Further, 

we can redefine the Banzhaf value on C y In a reasonable way so that the 

\ 
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same axiom* specify this extended function on C  also. Ttie proof of this 

I is similar to the proof of theorem II, and will appear in a forthcoming paper. 

The above statements hold if we replace "monotonic" by "superadditive" 

I 

1 
1 

I 
I 

i 

and "C " by "C •• throughout. 
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